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In this paper, we present fixed point theorems for six weakly compatible mappings in a
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1 Introduction

The origin of fuzzy set theory and fuzzy mathematics traces back to Zadeh [15], who
introduced the concept of fuzzy sets in 1965 as a means to represent imprecision and
uncertainty in real-world phenomena. Since its inception, the theory has found widespread
applications across numerous scientific and engineering disciplines, including neural
networks, stability analysis, mathematical programming, genetics, neuroscience, image
processing, and control systems.One of the foundational tools in dealing with such
applications is fixed point theory, which has significantly contributed to the evolution and
extension of various analytical and topological concepts within the fuzzy framework. In
1975, Kramosil and Michalek [8] developed the idea of a fuzzy metric space, extending the
probabilistic metric space concept into a fuzzy context. This notion was further refined in
1994 by George and Veeramani [3], who provided a more rigorous formulation of fuzzy
metric spaces.Building on this foundation, Grabiec [4] presented a fuzzy version of Banach’s
fixed point theorem in 1988. Around the same time, Sessa [9] introduced the concept of
weakly commuting mappings to enhance the classical commutativity conditions in fixed
point theorems. Jungck [5,7] contributed significantly by defining the concept of
compatibility and proving common fixed point theorems for set-valued functions, even in the
absence of continuity. Later, in 2006, Jungck and Rhoades [6] extended this idea further with
the notion of weakly compatible mappings, generalizing the previous compatibility
definitions. In the context of fuzzy metric spaces, Cho [2] introduced the notion of
compatible mappings in 1997. Subsequently, Vasuki [14] proposed the idea of R—weakly
commuting mappings and demonstrated a fixed point theorem based on this concept. Singh
and Chauhan [12] expanded the theory by incorporating the concept of compatibility within
fuzzy metric spaces, while Singh and Jain [13] explored semi-compatibility and weak
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compatibility of mappings in such spaces. Further developments were made by Sharma and
Deshpande [10], who proved fixed point theorems for multiple discontinuous and non-
compatible mappings in non-complete fuzzy metric spaces. They later extended this work to
intuitionistic fuzzy metric spaces continuing the exploration of fixed point results under
broader conditions. In this paper, we establish fixed point theorems for six weakly compatible
self-mappings defined on a complete, chainable fuzzy metric space, without assuming
continuity. Our results serve to generalize and extend many existing theorems in fixed point
literature across a variety of metric settings.

2 Preliminaries

Definition 2.1: A 3 —tuple (X, M ,*) is called a M — fuzzy metric space if X is an arbitrary
(non - empty) set, = is a continuous t — norm, and M is a fuzzy set on X? x (0,o),
satisfying the following conditions for each x,y,z € X and t,s > 0,

B Mxyt)=0,

@iy M (x,y,t)=1forallt > 0ifandonlyif x =y,
(i) M@,y t)= M (y,x0),

(iv) M (x,y,t) * M (y,z,5) < M (x,z,t+s),

(V) M (x,y, .):[0,1] - [0, 1] is left continuous.

Example 2.1: Let X be the subset of R? defined by X = {4,B,C, D, E}, where A =
(0,0), B =(1,0),C = (1,2),D = (0,1),E = (1,3), ¢(t) =1 —+/7 forall € [0,1] and
_2d(xy) . .
M (x,y,t) =e ¢ forall t > 0, where d(x,y) denotes the Euclidean distance of R2.
Clearly, (X, M ,*) is an M’ — complete fuzzy metric space with respect to the t — norm:
axb = ab.
Example 2.2: Let (X, d) be a metric space. Define a « b = ab, or

a * b = min(a, b), and for all x,y and t > 0,

e

then (X, M ,*) is a fuzzy metric space. We call this fuzzy metric M induced by the metric
d, the standard fuzzy metric.
Lemma 2.1: M (x,y,.) is non-decreasing for all x,y € X.

Proof: Suppose M (x,y,t) > M (x,y,s) forsome0 <t <s. then
M (x,y,t)* M (y,y,s—t) < M (x,y,s) < M(x,y,t).
Since M (y,y,s — t) =1,

therefore, M (x,y,t) < M (x,y,s) < M (x,y,t), which is a contradiction. Thus,
M (x,y,.) is non-decreasing for all x,y € X.

Definition 2.2: Let (X, M ,*) be a fuzzy metric space:

0] A sequence {x,} in X is said to be convergent to a point x € X, if
lim M (x,,x,t) = 1,forallt > 0.

n — oo
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(i)  Asequence {x,}in X is called a Cauchy sequence if
lim M (xn4p,%n,t) =1, forall t > 0andp > 0.
n — oo
@iii)) A fuzzy metric space in which every Cauchy sequence is convergent is said to be
complete.

Remark 2.1.: Since = is continuous, if follows from the condition (iv) of Definition 2. 1 that
the limit of the sequence in fuzzy metric space is uniquely determined.

Let (X,M,*) be afuzzy metric space with the following condition :

L!l_)rg]\/f (x,y,t) =1 forall x,y € Xand t > 0

Lemma2.2: Ifforallx,y € X,t>0and 0 <k <1, M (x,y,kt) =
M (x,y,t),then x = y.

Proof: Suppose that there exists 0 < k < 1 such that

M (x,y,kt) = M (x,y,t) forall x,y € Xandt > 0.

Then, M (x,y,t) = M (xy%)

andso M (x,y,t) = M (x ykin) for positive integer n.

Taking limitasn — oo,
M (x,y,t) =1and hencex =y.
Lemma 2.3: Let(X, M ,*) be a fuzzy metric space and

{y.} be a sequence in X. If there exists a number k e (0, 1)such that

M (Vns2 Yns1 k) =2 M (Yny1, Yo t),
forallt >0 andn = 1,2,..,,
then {y,} is a Cauchy sequence in X.
Definition 2.3: Let Aand B be mappings from a fuzzy metric space (X, M ,*) into itself.
The mappings A and B are said to be compatible if
lim M (ABx,, BAx,,t) = 1,forallt > 0,

n - oo

Whenever {x,} isasequence in X such that

lim Ax, = lim Bx, =z forsome z € X.
n — oo

n — oo

Definition 2.4: Two self mappings A and B of a fuzzy metric space (X, M ,*) are said to be
weakly compatible if ABu = BAu whenever Au = Bu for some

u € X. If the self mappings A and B of a fuzzy metric space (X, M ,*) are compatible, then
they are weakly compatible, but the converse is not necessarily true.
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Example 2.3: Let X =[0,4] and a * b = min{a, b}. Let M be the standard fuzzy metric
induced by d, where d (x,y) = |x — y| for x,y € X. Define two self mappings 4 and B of
the fuzzy metric space (X, M ,*) by:

4—x, 0<x <2
Ax‘{ 4, 2<x <4
X, 0<x <2
Bx‘{ 4, 2 <x <4

Let {x,} ={1— (1/n)}. Then it can be easily proved that the self mappings A and B are
weakly compatible but they are not compatible.

Definition 2.5: A finite sequence x = xg, x4, '+, x, = y In a fuzzy metric space (X, M ,*) is
called € — chain from x to y if there exists € > 0 such that M (x;, x;_,,t) > 1 — ¢ for all
t>0and i =1,2,---,n.

A fuzzy metric space (X, M ,*) is called € — chainable if there exists an € — chain ~ from x
toy, forany x,y € X.

3 The Main Results

Theorem 3.1: Let (X, M ,*) be a complete ¢ — chainable fuzzy metric space and let
A,B,S, T, P and Q be the self mappings of X, satisfying the following conditions:

(1) A(X) c ST(X)and B(X) c PQ(X);
(2) The pair (A4,PQ ) and (B,ST) are weakly compatible ;
(3) There exists a constant k € (0, 1), such that for every x,y € X and t >0,
M (Ax, By, kt)
> {M (PQx,STy,t) * M (Ax, PQx,t) * M (By,STy,t)
* M (Ax,STy,t) « M (By, PQx,t)}.

Then A, B, S, T, P and Q have a unique common fixed point in X.

Proof: We can find a Cauchy sequence {y,} in X such that

Von-1 = STXop_1 = Axyp_p and y,, = PQx,, = Bxy,_, for n=1,2,3,--- From
completeness, y,, — z for some z € X, and so {Ax,,_5}, {PQx2,}, {Bxyp_1}and {STx,,_1}
also converge to z. Similarly we can show that {x,,} is a Cauchy sequence in X. Since X is
complete, hence there exists z € X such that {x,,} converge to z. Hence there exists u,v € X
such that PQu = z and STv = z respectively. By (3), we have

M (Au, y,,, kt) = M (Au, Bxy,_4, kt)
> {M (PQu,STx35_1,t) * M (Au, PQu,t) * M (Bxyp_1,STXpp_1,t)
* M (Au,STxyp_1,t) * M (Bxy,_1, PQu,t)}.

Taking the limitas n — oo,

M (Au, z,kt) = {M (z,z,t) * M (Au,z,t) * M (z,z,t) * M (Au,z,t) * M (z,z,t)}.
M (Au, z,kt) = {1 « M (Au,z,t) * 1« M (Au,zt) = 1}.
M (Au, z,kt) = {1 « M (Au,z,t) * 1« M (Au,zt) = 1}.
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which gives M (Au, z, kt) = M (Au, z, t).

Therefore by the Lemma 2. 2, we have Au = z. Since PQu = z,
Thus Au = PQu = z, that is u is a coincidence point of A and PQ.
Similar to (3), we have

M (yZn_l, Bv, kt) = M (AxZn_Z, BU, kt)
= {M (PQXZn—ZrSTvi t) * M (AxZ‘n—Z!PQXZn—Z't) * M (BU, STU' t)
* M (Axyp—2, STV, t) * M (Bv, PQX3p_5, )}

Taking the limitas n — oo,
M (z,Bv, kt) = {M (z,z,t) * M (z,z,t) * M (Bv,z,t) * M (z,z,t) * M (Bv,zt)}.
M (z,Bv,kt) ={1*1+«M (Bv,z,t) x 1 * M (Bv,zt)}.
M (z,Bv,kt) = {11+« M (Bv,zt) * 1M (Bv,zt)}.

M (z,Bv,kt) = {1*1+«M (Bv,z,t) x 1 *M (Bv,zt)}.
which gives M (z, Bv, kt) = M (Bv, z, t).

Therefore by the Lemma 2. 2, we have Bv = z. Since STv = z,
Thus Bv = STv = z, that is u is a coincidence point of B and ST.

Since the pair {4,PQ} is the weakly compatible therefore A and PQ commute at their
coincidence point that is A(PQu) = PQ(Auw) or Az = PQz. Similarly the pair {B,ST} is the
weakly compatible therefore B and ST commute at their coincidence point that is B(STv) =
ST(Bv) or Bz = STz.

Now we prove that Az = z, By (3), we have

M (Az, Bxyp_4, kt)
> {M (PQz,STxy,_41,t) * M (Az,PQz,t) * M (Bxyp_1,STXpp_1,t)
* M (Az,STxyp—1,t) * M (Bxy,-1,PQz,t)}.

Taking the limit as n — oo, we have

M (Az,z,kt) = {M (PQz, z,t) * M (Az,PQz,t) * M (z,z,t) * M (Az,z,t)
* M (z,PQz,t)}.

M (Az, z,kt) = {M (z,z,t) * M (Az,z,t) * M (z,z,t) * M (Az,z,t) * M (z,z,t)}.
M (Az,z,kt) = {1« M (Az,z,t) * 1« M (Az,zt) = 1}.
M (Az,z,kt) = {1« M (Az,z,t) * 1« M (Az, z,t) = 1}.
which gives M (Az,z, kt) = M (Az, z,t).
Therefore by Lemma 2. 2, we have Az = z. Since PQu = Az,

thus Az = PQz = z. Similar to (3), we have
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M (szn—2! BZ; kt)
> {M (PQxpp_2, STz, t) * M (Axpp—2, PQXx5p_o,t) * M (Bz,STz,t)
* M (Axyp_5,STz,t) * M (Bz,PQx5,_5,t)}.

Taking the limit as n — oo, we have
M (z,Bz, kt) = {M (z,z,t) * M (z,z,t) * M (Bz,z,t) * M (z,z,t) * M (Bz,z,t)}.

M (z,Bz,kt) 2{1x1+«M (Bz,z,t)* 1« M (Bz,z,t)}.
M (z,Bz,kt) = {11+« M (Bz,z,t) » 1« M (Bz,zt)}.

M (z,Bz,kt) = {11+ M (Bz,z,t)* 1+« M (Bz,zt)}.

which gives M (z, Bz, kt) = M (Bz, z,t).

Therefore by Lemma 2. 2, we have Bz = z. Since STz = Bz,

thus Bz = STz = z.

For uniqueness, let w be another common fixed point of 4, B, S, T, P and Q. By (3), we have

M (z,w,kt) = M (Az, Bw, kt)

> {M (PQz, STw,t) * M (Az,PQz,t) * M (Bw,STw,t) * M (Az,STw,t)
* M (Bw, PQz,t)}.

M (z,w,kt) = {M (z,w,t) * M (z,z,t) * M (w,w,t) * M (z,w,t) * M (w,z,1t)}.
M (z,w,kt) = {M (z,w,t) * M (z,z,t) * M (w,w,t) * M (z,w,t) * M (w,2z,1t)}.
M (z,w, kt) = {M (z,w,t) *1 1% M (z,w,t) * M (w,z,t)}.
M (z,w, kt) = M (z,w,t).
From Lemma 5.2, z = w.
Therefore z is common fixed point of 4, B, S, T, P and Q.

Theorem 5.2: Let (X, M ,*) be a complete ¢ — chainable fuzzy metric space and let
A,B,S,T, P and Q be the self mappings of X, satisfying the following conditions:

(1) A(X) cST(X)and B(X) < PQ(X);
(2) Thepair (A,PQ ) and (B,ST) are weakly compatible;
(3) There exists a constant k € (0, 1), such that for every x,y € X andt > 0,
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M (Ax, By, kt)
> {]\/[ (PQx,STy,t) * M (Ax, PQx,t) « M (By, STy, t)
* M (Ax, STy, t) « M (By, PQx, t)
M (By, PQx,t)

"M (PQx, STy, £) x M (By, PQx, £)
M (PQx,STy,t) * M (By,STy,t)
* .
M (By,STy,t)

Then A,B, S, T, P and Q have a unique common fixed point in X.

Proof: We can find a Cauchy sequence {y,} in X such that

Yon-1 = STxpp_1 = Axpn_p and Yy, = PQxyy = Bxyp_q for n=1,2,3,--- From
completeness, y,, — z forsome z € X, and so {Ax,,_>}, {PQx2,}, {Bxyy_1}and {STx,,_1}
also converge to z.

Similarly we can show that {x,,} is a Cauchy sequence in X. Since X is complete, hence
there exists z € X such that {x,} converge to z.

Hence there exists u, v € X such that PQu = z and STv = z respectively.
By (3), we have
M (Au, yon, kt) = M (Au, Bxyp_q, kt)
> {M (PQu,STx3p_q1,t) * M (Au, PQu, t) * M (Bxy5_1,STX2p_1,t)

* M (Au,STxyp_1,t) * M (Bxy,_1, PQu, t)
M (Bxyy,—_1, PQu,t)

"M (PQu, STxpy1,t) * M (BXg_1, POW, )
M (PQu, STX5p_q,t) * M (Bxzn_1,STXx2n_1, t)}
*k .
M (Bxzn-1,8Tx3n-1,t)

Taking the limitas n — oo,

M (Au, z, kt) > {M (z,z,t) * M (Au, z,t) * M (z,z,t) * M (Au,z,t) * M (z,2z,t)

M (z,z,1t) M (z,z,t) * M (z,2z,t)
* E 3
M (z,z,t) * M (z,2,t) M (z,z,t)

M(AM,Z,kt) 2{1*M(Au,z,t)*1* M(Au,z,t)*l*ﬁ*lil}.

M (Au, z,kt) = {1« M (Au,z,t) * 1% M (Au,z,t) * 1% 1= 1}
which gives M (Au, z, kt) = M (Au, z, t).

Therefore by the Lemma 5. 2, we have Au = z. Since PQu = z,
Thus Au = PQu = z, that is u is a coincidence point of A and PQ.

Similar to (3), we have

115



ISSN: 2249-7196

,{M’,, UMRR/Jan. 2021/ Volume 11/Issue 1/109-119
1|jmrr . .
sl-u—v Rajasekar Reddy Ch/ International Journal of Management Research & Review

M (yZn_l, Bv, kt) = M (AxZn_z, Bv, kt)
> {M (PQx3p_2,STv, t) * M (Ax3p_2, PQX3p_s,t) * M (Bv, STy, t)
* M (szn—ZrSTvr t) * M (BleQxZTL—ZIt)
M (Bv,PQxy,_5,t)

"M (PQxyp_q, STV, £) * M (BV, PQXgpnp) t)
M (PQxyy_5,STv, t) * M (Bv,STv, t)
* )
M (Bv,STv,t)

Taking the limitas n — oo,

M (z,Bv, kt) = {M (z,z,t) * M (z,2z,t) * M (Bv,z,t) * M (z,z,t) * M (Bv,z,t)

M(BU,Z,t) M(Z'Zrt)*M(BU,Z,t)
*M(Z,Z,t)*M(BU,Z,t)* M(BU,Z,t) }
M (z,Bv kt)>{1*1*M(szt)* 1% M (Bv,z,t) * M (Bv,z,t)
A A "1+ M (By, z,t)
1+ M (Bv,zt)
M (Bv,z,t) }
M (z,Bv kt)>{1*1*M(szt)* 1*M(szt)*J\/f(Bv,z,t)
R < M (B, z,t)
M (Bv,z,t)
*M(Bv,z, t)}'

M (z,Bv,kt) = {11+« M (Bv,z,t) * 1« M (Bv,zt) * 1= 1}.
which gives M (z, Bv, kt) = M (Bv, z, t).
Therefore by the Lemma 5. 2, we have Bv = z. Since STv = z,
Thus Bv = STv = z, thatis u is a coincidence point of B and ST.

Since the pair {A,PQ} is the weakly compatible therefore A and PQ commute at their
coincidence point that is A(PQu) = PQ(Au) or Az = PQz.

Similarly the pair {B,ST} is the weakly compatible therefore B and ST commute at their
coincidence point that is B(STv) = ST(Bv) or Bz = STz.

Now we prove that Az = z, By (3), we have
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M (Az, Bxyy_1, kt)
> {M (PQz,STxyp_4,t) * M (Az,PQz,t) * M (Bx3p_1,STX3p_1,t)
* M (Az,STxy9p—1,t) * M (BX3y_1, PQz,t)
M (Bxyn_1,PQz,t)

"M (PQz STxyy_1,t) * M (Bxpyy, POz, t)
M (PQz,STx3p_1,t) * M (Bxyp—1,STXpn—1, t)}
* .

M (Bxyn-1,STx2p-1,t)

Taking the limit as n — oo, we have

M (Az,z kt) = {JV[ (PQz,z,t) * M (Az,PQz,t) * M (z,z,t) * M (Az, z,t)

M (z,PQz,t)

* M (2,PQz,t) + M (PQz,z,t) * M (z,PQz,t)
M (PQz,z,t) * M (z,z, t)}

M (z,z,t)

M (Az,z, kt) = {]V[ (z,z,t) * M (Az,z,t) * M (z,z,t) * M (Az,z,t) * M (z,z,t)

M (z,z,t) M (z,z,t) * M (z,z,t)
£ *
M (z,z,t) * M (z,z,t) M (z,2z,t)
1 1+1
M (Az, z, kt) 2{1*M(Az,z,t)*1* M(Az,z,t)*l*l*l* T }

M (Az,z,kt) = {1« M (Az,z,t) * 1% M (Az,z,t) * 1 x 1 = 1}.
which gives M (Az,z, kt) = M (Az, z,t).
Therefore by Lemma 5. 2, we have Az = z. Since PQu = Az,
Thus Az = PQz = z. Similar to (3), we have
M (Axyp—2, Bz, kt)
> {M (PQxgp—2,STz,t) * M (Axyp—2, PQXop_o,t) * M (Bz,5Tz,t)

* M (AxZn_z,STZ, t) * M (BZ, PQxZn_Z, t)
M (BZ, PQXZn_Z, t)
k
M (PQxZn_z,STZ, t) * M (BZ, PQxZn_Z, t)
M (PQxyp_5,STz,t) * M (Bz, STz, t)}
k .

M (Bz,STz,t)

Taking the limit as n — oo, we have
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M (z,Bz, kt) = {M (z,z,t) * M (z,z,t) * M (Bz,z,t) *x M (z,z,t) * M (Bz,2z,t)

M (Bz,z,t) M (z,z,t) * M (Bz,z,t)
* *
M (z,z,t) * M (Bz,z,t) M (Bz, z,t)
M (Bz,z,t)
M (z,Bz,kt) =2{1*1*M (Bz,z,t)* 1« M (Bz,2z,t) *

1+«M (Bz,zt)
1+« M (Bz,z,t)
* )

M (Bz,z,t)

M (Bz,z,t) *]V[ (Bz,z,t)
M (z,Bz,kt) 2 {1x1+«M (Bz,z,t) » 1+« M (Bz,z,t)*1*1}.

M (Bz,z,t) M (Bz,zt)
M (z,Bz,kt) 231 +x1* M (Bz,z,t) * 1« M (Bz,z,t) * )

which gives M (z,Bz, kt) = M (Bz, z,t).Therefore by Lemma 5.2, we have Bz = z. Since
STz = Bz, thus Bz = STz = z.

For uniqueness, let w be another common fixed point of A, B, S, T, P and Q. By (3), we have
M (z,w, kt) = M (Az, Bw, kt)

> {M (PQz,STw,t) « M (Az,PQz,t) * M (Bw,STw, t) * M (Az,STw, t)

M (Bw, PQz, ) M (Bw, PQz,t)

* *
W, PQZ D) * P07, STw, ) = M (Bw, POz, D)
M (PQz, STw,t) x M (Bw,STw, t)}

* .

M (Bw,STw, t)

M (z,w, kt) = {M (z,w, t) * M (z,2,t) * M (w,w,t) * M (z,w,t) * M (w,z,1t)

M (w,z,t) M (z,w,t) * M (w,w,t)
* *
M (z,w,t) * M (w,z,t) M (w,w,t)

1
M (z,w, kt) = {M (z,w,t) *1x1x M (z,w,t) * M (w,z,t) * 1« M (z,w,t)}.

M (z,w,t) x1
M (z,w, kt) =M (z,w,t) *1x1x M (z,w,t) * M (w,z,t) *1 )

Which gives M (z,w, kt) = M (z,w,t). From Lemma 5.2,z = w.

Therefore z is common fixed point of 4, B, S, T, P and Q.

4 Conclusion
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In this paper, we prove a fixed point theorem for six weakly compatible mappings within a
complete, chainable fuzzy metric space, without requiring continuity of the mappings. The
results presented offer broader applicability and hold significant value for further research in

this area.
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